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ABSTRACT

We consider general l inear parabolic equations in a given time dependent domain

and we describe a general  class of G a l e r k in— t y p e  approximat ions  which are cont inuous

with respect to the space variables , but which admit discontinuities with respect to

time ~t each time step. Unconditional ~tabilit y is proved and a general error e~ t~~~it~

i~ established. These results are applied to certain finite element methods based on

ace-tint finite elements.

AM~ (rios) Subject Classification —

Key Words — Galerkin-type method , Finite elements , Parabolic equations , Moving boundar’:,
Stability , Error estimate.

Work Unit Number 7 — Numerical analysis

EXPLANAT ION

~1oet numerical methods for parabolic equations are based on a space discretization

which is independent of time and are not appropriate for problems in a variable domam .

These problems ca n be app roxim ated by u si ng f i n i t e  elements which are re la t ive  to both t h e

space and time variables; such elements have been used for free boundary problems in heat

conduction (Stefan problem) and fluid flow , but no mathematical results have been proved .

* In this report , we consider the case of a given moving boundary and we prove stability

and convergence with error estimates for a qeneral class of Galerkin-type methods which

includes the case of space—time finite elements.

* Visiting from Centre d’Etudes de Limeil , Comm~ ssariat a l’Energie Atomique
B. P. 27 , 04190—Villeneuve St. (;eor qes , France .

)o n c o i  ~ by I h fln~ t~ ~~e’~ A1 ~ n h ’i  ~‘~c t  a~ I I~.
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GAL~pXIN-TYpE APPROXIMATIONS WHICH ARE DISCONTINUOUS
ZN TIME FOR PARABOLIC EQUATIONS IN A VAR IABLE DOMAI N

A
Pierre Jan~et

1. Introduction

Most numerical methods for parabolic partial differential equations are based on a

space discretization which is independent of time; this is the case for most finite ele—

ment or Galerkin—type methods which have been studied in recent years (12] , (6], (7], 121],

(23], (24], (26], (27]). These methods are not appropriate for parabolic problems in time—

dependent domains, in particular for time-dependent free boundary problems .

In order to solve such problems , numerical methods based on space—time finite ele-

ments, i.e. on finite elements which are relative to both the space and time variables

have been proposed and numerically tested ([3], [4], [11], (12]). Let us notice that

(**)space—time finite elements have been first considered by J. T. Oden [19) , but only in

the case when the elements are the Cartesian product of a space element by a time interval ,

which yields a space discretization which remains fixed in time .

Another finite element method to deal with variable domain has been studied by

N. Mon (16] , (17] for the Stefan problem; it is based on finite elements in space which

depend continuously on time. This m~tLad is indeed a particular case of the generalized

Galerkin method studied by Mignot [15]; in the sayne paper , Mignot studies other methods

for parabolIc equations in a variable domain: method of fixed au,ciliary domain , method

of elliptic regulanization. Let us finally mention the finite difference methods studied

by the author (9] for parabolic equations of order 2 which can degenerate or admit singu-

larities at the initial time as well as on the boundary of the variable domain.

In the present paper, we consider qeneral parabolic equations in a given time-

dependent domain and we present a general class of Galerkin-type ~cthods with applications

to space—time finite elements. These methods are different frets those which have been

~ visiting from Centre d’Etudes de Limeil , Commissariat ~ l’Energie Atoinique, B. P. 27,
94190—Villeneuve St. Georoes. France.

—-~~ The author is indebted to Professor M. Zl~nial, University of Brno , for this reference .

Sponsored by the United States Army under Contract No. DAAG29-75-c-0024.
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studied p r ev ious ly  ( in c l u d i ng  the ~~~~~— t ~ J1IC finite e lemen t  methods of [31, [4], [11],

(12]): the approximations ~~~~ cOt;ti ni;~ uc with respect to the space var i ables for each

fixed time , but they admit ~ c~~n t o~.ot;e~ w ith rto- p~ ct to the time variable at each time

Step; in IV a~ ti c ular , the elements ea:~ be chosen arbitraril y at each time step wi th  no

connection with the elements corre ~~~~y3ir ;q t i  t t c  previous step .

For more sin;1Ucitv , ~~t fir s t  eein~ider a mode l problem~ the Dirichlet problem for

the heat equation. This problem is ~ i t 5 er;te~ in SeCtion 2; we derive an integral relation

which is s~~t i~~tied hc th~ solution acJ w~ i~ h ~s the lasts of the numerical method. In

Section 3, we describe a general class or t irw —discontinuous Galerkin-type approximations

and prove unconditional stabil ity ; the ~ 1s . r,t inui tits are treated as in the discontinuous

finite—element methods cf ~~~~~ and lu ll [2 ~~] and te~ a i r t  and Raviart [13] for the stationary

neutron transport tg;a t e l ;  the tam t~ hnl 4u~ has also been used by Pin i  [20]  . In

Section 4, we ett d ’l i c ; ;  a general c rier est ;edtc. In Section 5 , we apply the previous re-

sults to h; ace—t , imc f i r  t o .  I moot met la It ; t hr ~~z Icr of accuracy can be made a r b i t r a r i ly

high 1 y choosirr .~ finite eli-merits of curr..slcr rldina Oi1I t .  In Section 6 , we g ive a simpl e

examp le in the ,;. e- r m n s t ; 1  c a t - ;  we give the ex ti ic; t form of the discrete equations

for rectat ;u l; i . e  . r e< - time f ii; i t O  i i  o i l  S o~ o r h  i 1, which y i e l d s  a f i n i t e  d i f f e r e n c e

analogue of o ur  its thod.  F in a l l y ,  i n  ; . c  t io  7 , we extend t h~ method and the  previous re-

su l t s  to gen e r a l  p ar  d el  ic e g u a t i r u - . 1 or l e t  w i t h  general  boundary c o n d i t i o n s .
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2. ~~~~ el roblem

Let us consider a time interval 0 < t < T and let 11(t) be a bounded domain in

m positive integer , which depends continuously on t ~ [0 , 1) . Let 1(t) be the

boundary of 11(t) and

{(x,t); x .~ ~ ( t) , 0 < t < T }

{(x,t); x c 1(t), 0 < t < T

is a (m+l)-djmensional domain in jp m x and is its “latet-al” boundary . We

assume that 
~T 

is piecewise smooth.  For simplicity, we will use the same notation 11(t)

for the domain d(t) c 3~ flt 
and for the cerreaj onding section of 

~T
’ i.e. the set

{(x,t); x ~ 11(t), t fixed~

Let f and u ° be two g iven functions , f c L
2 (~~~~ ) ,  ~

0 
c L

2
(11(0)), and let A

denote t he  Laplacian operatct r with I e5 l a ct to the space variables. We consider the problem

a) ~
-
~

- - Au = f in .~~ -

(2 .1) h ) u = on

0
c) u~~~u in ~(0)

For the oxi sterice and u n i q u e n e s s  of a chittical solution u , under suitable hypotheses

on f and u°, see [81 , (9] ; for t 1 cxl stence and on i4ucr;ete of a weak solution , see

[14], [15] . In this paper , wi will assume that t Ie solution u is sufficientl y reqular

for the validit y of the error est i mates.

We will use the following ri t it l i i i :

d ~
- Max{diam 1 1 ( t )~ 0 < t < 3 ’ )

~~‘~~ 11(t) 
inner product in L

2(11(t))

‘ t f�(t) 
norm in L (11(t))

= inner product in l.
2
(G), where G i s  a subdonisin of ~ ‘

‘II G ~ 
norm in T.2(G) -

The same notation will be used for vector valued functions in (L
2
(G))

Th 
. Thus,

((grad 41, grad ~‘))~ fJ grad 41 grad ~ dxdt
C

—3—
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where 41 and ~ are two arbitrary smooth enough functions.

Now, let 10 and be two arbitrary numbers such that 0 1 < 3’ and let

G G(t
0
,t
1
) denote the intersection of 4

3’ 
with the strip < t < T~~~, i.e.

G {(x,t); x € 0(t), t
~~ 

< t < . Consider the bilinear form

(2.2) 
~~~~~ ~~~~~~~~ 

+ ((grad 41 , grad 
~~~~ 

+ 
~~ ‘~~~11 (t ~~) 

—

Let •(G) be the space of all Lipschitz—continuous functions ~ defined on G (closure of

C) and which vanish on the lateral boundary of G, i.e. on C G . Then, a classical

integration by parts shows that the solution u of problem (2.1) satisfies the integral

relation

(2.3) 5
~~
(u
~~

) — 

~~~~~~~ 
for all ~ r ~(G) and for all C =

with 011 0
< 1

1 13’

This relation is the basis of the numerical method described in the following section .

1*) It is possible to relax the hypotheses on the function i~ in relation with the

regularity of u . This question is considered in Section 6 where a precise van —
aUonal formula tion is c ~~ ‘i for more general parabolic problems.

- - i
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3. Discontinuous approximations

Let {t~; 0 ‘C n ‘C N) be a finite sequence of real numbers with t° = 0, t~ < t~
’1

and ~~ — 3’ . Let 0m — f2 (t~ ), G~ — G (t°,t’~~~) and G
0 

— — ((x ,t); x ~ 0(t)

‘C t I t~~~~) (see Figure 1).

t

Figure 1: The discretization of the domain with

respect to time tone-dimensional case)

Let be a finite dimensional subspace of ~(G~), for 0 1~~ 
< N-l , and let V

h 
be

the space of all functions V
h 

defined n ~ T such that their restriction to each

coincides with the restriction to of a function 
~h 

€ . The functions v
h 

C v
h

are in general discontinuous at the time t t0; we will use the notation v~ v
h
(i t°)

for 0 1~~ 
< N and v~~

0 
= lim{v

h
(.,t

~
.fc ); c > 0, r -* 0) for 0 < n N-li it follows

from the definition of the space that we have v~ 1im
~
v
h

(-V ,t
~
_ r) ; t > 0, r ~ 0~r

for l l n < N .

We approximate problem (2.1) by the following problem which is a discrete analogue

of (2.3). Discrete problem: Find U
h 

e V
h 

such that u~ u° and

(3.1) • n~%’~~-u~ ~~~~~~~ ii
C C

for all 
~
‘h 

€ and for all n , 0 1 ~ < N-i

We will prove the existence and uni queness of the solution u~ of Problem (3.1); for

that purpose we need two preliminary lemmas.
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For ea ch u i t  fl ~ N - i , l r ; ~~ ~~~ i i i  n~.s ,Is to each & V
1~ a unique funct ion

(~ V which coincides s t ~ V
h 

l i i  -

(3.2)  $ ( u h .vh
) 

l (~h
.t h

), f t r  all V -

is a hclir , c a r t n ;  l.’t l I a .i  e.; V V
h 

and we have

Lemma 3 . 1

For all n , ) C n ~ N 1, ~~~ i all u t  V and all v C V
— ii h h h

(3 .3) 8° (u~~, v
1

) = --((u , v
i

) )  4 ( h i a d  °h ’ grad v
h
)) +

n+k ntl n n+0
+ (u

b 
, V

t~ 
)~~; ii 

i , V 
H1 ‘

n 2 1 n+1~ 2 1 n 2 1 040 n 2(3 .4 )  8 (v
h
iv
h

) gra d 
~h n 

+ 
~~ 

V
h i n  

- V~ 
~ 

4 
~~ ~~~ 

-. v
h n

a £1

Proof; Fox CV I 5 vV t h r :  fu . ti 
~h 

q
( T l )

v is  c r rt l i i i. is Ofl hence

= .e .1 ‘ rmu~ , 3~ I I  ,
~~ a l s r  t r . r  (2 2). Then , we deduce (3.4) by

t a k i ;  
h 

U
b 

l i t  ,‘s;l irry .~ i t  iii the it i qh t  hand side of (3. 3) with respect

to t and u t . l 1~ U. . x d . ; . t

fl f l ’  1 . 2 1 f l +~~~~ ;: I n + O  n 2
(v
h
,v

l 
) ~ 

11n 
- 

~ 
v~ — V

h I .

We w i l l  a lso  t i l  ; .r  ll .s:s elementary lemma .

Lemma 3.2

Let a.b,c li thr ~~, s n i r  ~at  iv e  r e a l  numbers such that a
2 
I b

2 
+ ac . Then ,

a < b + e  -

Proof: We have a < ~ (c + Ic
2 

+ 4b
2)1”2) and (c2 + 4b

2 ) 1”2 I~~ + 2b .

Th eorem 3.1

rhe discrc’t , 
~~ot~1~~ (3.1) ad mi ts - i uni1ue s o lu t io n  which satisfies tt.~ esti mate

—6—
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(3.5) ~grad u~ It 2 n 
+ ~.Iu~ I

2 
I Fi’i°I 0 

+ d ~If II n
G(0,t ) 0 G(O ,t

for a l l n , 0 < n ‘t N, with d = Max (diam 11(t))
0 < t < T

Proof: For each n , (3.1) is a system of linear algebraic equations with a square matr~ x

whose order is equal to the dimension of the space - Hence, the existence of the solu-

tion u
h 

will be a consequence of its uniqueness.

Taking = q
(fl)
% 

in (3.1) , using (3.4), summing with respect to n and applying

Poincar~ ’s inequality , we get

~ 
grad u.~~ 

G(O,~
n
) 
+ 

2 ~n 
I

1 0 2
I ~~ II~ II ~ 

II ubII ~0 G(0,t ) G(0,t )

u~ + d ~f grad Uh il
Li G ( 0 , t ) G ( 0 ,t

The estimate ~3.5) follows at once by app l ica t ion  of Lemma 3.2 with

2 1 n 2  1/ 2
a = (II grad Uh II 

G(O,~
n) 

+ 
2 h 11n

b =  ~~Iu~I and c = d I I f I I

~~ G(0,t~ )

The uniqueness of u~ is a consequence of this estimate .

Remark 3.1: The equations (3.1) are equivalent to

(3.6) 8 (u~ ,v~ ) — ( ( f .vh
))
4 .

~
. 

for all V
h 

€ V
h

wi th 
~~

(u
h.

V
h
) 

~L 5~~~’h”h~ In (3.6) the index n does not appear . However , the

form (3.1) is more cooverii ent~

Remark 3 .2 . For each n , the space can be chosen arbitrarily with no relation with

the spaces •~, for v p~ n; in particula r, the spaces $~ need not have the same dimen

d o n  for differ ent values of n

— 7—
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Let us also notice that unlike other methods, the present method does not require a

preliminary approximation of the initial function u°; we take u~ u°

-8—
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4. General error estimates

In this section , u is the solution of the exact problem (2.1), U
h 

is the solution

of the discrete problem (3.1) and V
h 

is an arbitrary function in the f i n i te d i m e n s i o n a l

space V
h 

. We estimate the error u - in terms of u - ‘
h 

for arbitrary V
h 

C V
h -

In later applications , we will choose V
h 

equal to a certain interpolating function of u

(see Section 5); thus the problem of estimating u — is reduced to the problem of

estimating the interpolation error

We will establish the following result.

Theorem 4.1

Let u be the solu tion ofj~
-oblem (2.1) and u

h 
be the solution of the discrete

problem (3.1). Then ,

i i  1 n n
~Igrad (u—u ) + U - U

h G(O,t~) ~~ 
h 11n 

—

(4.1) < /~ d 
;:~

l 
II ~~ (u_v h) I

2
~~~

/2 
+ /2 l l g rad (u-v ~ ) Ii +

v=0 G G(0,t

n—l
V ~

) \)+0 V
+ 2 Max lu - V

h I + 2 
~ 

- Vh I vv ~~~ 11

for all functions V
h 

C V
h 

and for all n , 1 1 n I N

For the proof of this theorem we will nced the following i emxna .

Lemma 4.1

Let a0 and b
0
, 1 < n I N, be two sequences of non-negative real numbers which

satisf y

n-i
(4.2) (a~)

2 
+ (b15

2 
I aa

tm 
+ Bb

0 
+ ~ ~~~~~ for all n

v= 1

where a,8 and y
V for 1 1 ~ I N-i are non-negati ve real numbers. Then

n-I
(4.3) a~ + b

0 
< /2 (cm 4- B + ~ V

)
v= 1

—9-
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Proo f u t  t - r i .e.i 4 .

Let c
0 

((a°)
2 

+ (b °) 2 ) 112 
- Then , (4.2) yields

0-1
n 2  - V V

Ic ) - - t .;it~i l :  + / y c , for 1 < fl I N

Let d’~. 1 1 ~‘ I N, be the ste.~ ; u ’ ~~~’ f non- ;, ;jt ivi real numbers which satisfies

n—i
(4.4) (d ”)

2 
t~~~) j ~~ 4 

V 
d~ , f r  1 < n  IN

We have c
1 I d ’ = a + ~ and d° > i ~ fur all n . Ry ma t hema t ical induc t ion we

prove that c° Id ° fur all 5: sr-I n . - c” I ~~~ for  V = 1,2,... ,n—1 ; then g(c~
’) I g(d”)

w it h  g ( y )  = y — (a+~ )y: since q (~ ) i s  ;n c r e a e i n g  fo r y > cm + ~~, we deduce ~~ d~

On the other hand , we have 9(d°) I g( t °~~ ) for all n , therefore d° I d0
~~ fo r all  n

and ~~~~ yie lds utt er re~~l,i -: :g 1~ by d°

- n—i
d° < cs4 ~~~ + 

~ ‘-I

\F-l

F i n a lly ,  we h a i r  a
n 

+ b
5 

< r 2  c
0 

~ /2 d° , which  ends the proof of the lemma .

Proof ~ f ilrr- orern 4 . 1

Taki ni G = G~
’ ar n I 

~ ~ 
in (2.3) and subtracting f r o m  (3.1) , we get

~ ~~~~~~~~~~~~~~~~~ ~~~n h h n h

Hence , ~e

(4.5) 5
fl

( u_ u ~~ ,u_ q
(~~)

u~~) = ~~~~~~~~~~~~~~~~~~

for all V
h 

‘ V
h -

tel /
~

t (i_U
h
. U_V h

) = 5
fl
(u_u

h
. u_q

(0)
v~ ) ,  which  is an extension of the definition

(3.2). The formula-n (3 3) and (3.4) of Lemma 3.1 are also valid for /90(U_u
h~

u_V
h
) with

n40 n
u u • u ( ,t ) . Hence , (4.5) yields

-1
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2 1 n+J. n+l 2 1 n f l  2
~grad (u-u ) + — lu - U

h ‘ 11n+l 
— 11u u

h I +
0h 2

I 
n+O ci 2

+~~~~u - u l  =
h h

= - ((U-U , — (u-v ))) + ((~ rad(u_u~). grad(u_v~))) fl 
+

h ~t h G~

n+l  n + 1 n+ 1 n+l n n n n~ ~u - v+ (u - U
b , 

h 0
0+1 

— (u — u~ , U - 
h

O n n+0 n
+ (u — U

h~ 
V
h 

— v
h
)
~~~ 

for 0 1 ° I N-i

By summation and by appl icat ion of Poincar~ ’s inequality, we deduce :

lgrad (u—u ) It ~ 
1 n n 2 1 111 v+0 V 2

h G (O,~
n) 

+ ~ I u Uh I
11n 

+ 
2
~~~=~ 

~ - %1
0

V I

, 2 1/2
(4.6) 1 II grad(u_u~~) II d( 

~ (I ~~
(u_v

h
) 

~ 
+ (grad (u_v h

) II +

( 

n-i

G ( 0 , t ))G ( 0 , t

n-i
fl n 0 n i- V V u V+O V 1+ j u  -u ( U  -v I + ~ (u -u ( V  - V

h J vh 11n h
11
n 

V=l 
h 11V h

for l I n < N

Now , we w i l l  make use of Lemma 4 . 1 .  Let

n 1 n n1- 

a° = ((grad (u_u h
) , b lu — uh i

G (0 ,t 0)

n-i 2 1/2ncm = d l  
~ (I -

a~t
-(t1 vh

) I~ ~ 
+ (grad (u..v

h
) It

G G ( 0 , t0 )

‘ V  V i n fl
= 15 Max lu _V

h I and ‘y = 2 V
h 

vh t fl
1<v I n

Then , (4.6) yields
n-i

n 2  n o  o n ‘.(a) < o a  + B b  + 
~ 

y b” , for 1 < n < N .
v=l

Since the sequences (cz~) and (B 0 ) are increasing, we deduce :
n-i

- n 2  n 2  L n  t n  r V V
(a )  ~ (h) I~~~ 

+ B b  + L y b  , for 1 < n ~~~L I N  -

v=l

—11 —

I1~~~~
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~pply ing Lemma (4.1) we get:

n—i 
V

a + b  I~~~~° ~~~~~ + ~ y), for 1 < n < l .

V 1

The esti mate ( 4 . 1 )  of Theorem 4 .1  f o l lo w s  by t a h r l r r j  0 = V.

Let us notice that formula (4.5) also gives on estimate for the ~
xj.1eSsiOn

n—i 
t u ~

4-° — u~ 1
2 which involves the jumps of the function U

h 
-

v=0

The following theorem is a variant of Theorem 4.1.

Theorem 4.2

Assume that Vh ~ c° 
~ T~ 

is non~~~~~~y (where C
0 ( £- T 1 is th a c f  all coot ~~

uous func tions de f i n ed on 
~~~ T~ 

- we have t he  e s ti ma t e

1 n 0

~grad (u-u ) + — u -u
h G (0,t°) ~~ 

h 11
n —

(4.7) 1 / ~ d II ~~ 
(u_v

h) II + / ~ Ihrad(u_v h)li 
~ 

+

G(0 ,t ) G ( 0 ,t I

+ 2tu
n - v

n
Ih ii

for a l l  f un c t i on s ’  v ‘ V ft C°(i T
) 

~~~ 
f:u nll I: , 1 I ~~ I N  -

Proof: In this c t ; : , . we have Iv~~° — v~ I = 0 - Then , (4.6) yields

n 2  n 2  o n  - n f l  fl n n
(a ) 4 (b ) < a a + 13 h , whe re a , b and a

ar e de f i ned as i n  the pr~ 1 ~f Th,er r I ;; 4.1 and ~ = ~~ (u ~— v~ ( 
~ 

. It fo l l ows a0 
+ b°

11

Notation : We introduce now certain general notations 
which are needed in the ‘oh lowing

section .

x ,x , .., x space-coordinatesi 
V

1 2  in

j = (j0,j 1 ,... 
,j) ino l t i— in d ex  with ‘

~~~~~ 
‘ . - . ‘  10

‘ . . ,j)

131 
~~~~ 

)i~I~ l i t  
~~

—1 2—

- 

-- V V



~ 
— -- -- - . --~~~~~~~

1 j~ ~o ~i~ ‘u/at ax
1 

... ax in

— a ’ i 1 u/ax 1 ax ~
1 in

IID
5U “ G ~ (~~~~~ U U~~

)”2, for any integer s ~ 0 and any 0 C

Ii I—s

lD5ul a(t) 

~~~ 5
t a~~

0 ,t ) I
~ ( t) > ”2, for any t, 0<  t < T -

The t~~ fore going expressions are defined provided

u € HS (4) h C
0
((0,TI; 14

5(0(t))) .

—1 3—

-- -~~~ ~ V ~~~~~~~~~~~~~~~~~~
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5 . S p i - — ’- : : -  1 ; : -

In th ts sect b i t , We r . t k ’  I ; . ; , ;  ific , t s , i , hr - s  the sj u - s  I Wi U r i s; , c , - — t  it ’ ’ -

f i n i t e  e u - m eri t - 0 ;  5 5 1  1 - , t i l l  - [ 1 :~ - For - t r - ; ; - l i i i t . y ,  v aSr;Urfli that t 1 . - d c :r . . i i : i

15 - 1~~~’1 Y t~~~’~~~~~’I i l  n - t , i 1 - 5 : 1 . 1  : I r - ~ e u i v t _ d 1 1 5 ) 1  i - I  i - n d -  Sr i t  t h i  b o u n d a r y .

S . t )  S ;n , t - t m e t _ i l  , - l , - ; - s : 5

I,c t It l’r - j ‘ c m l  I -- :‘: ‘n- ~ V ~ a t  -i f r I  •. a 1: ii . 0 n N — I  , ~~, ~~
‘ be a

f t i t s  -s I t (In 4 1 ) — ; -  I t:r~ 1 m e - - ; :  5 5~ i ~h t .i t i s  f y the l i t  I o:I’~

(5 . 1) G ’ t i N  a
(S . .1) hOd  “ , f . :r  a l l  K ,

~ 3

wI;  i i  l i l y )  h r - n t ,  - t h r  di sli t - i  of K

:5 ° cm
(“ . 3 )  K i t  N’ -~ , 3 , 5~~5 5 V  )~~ K dctiirt ,~~ t he

Ii

1 1 1 ’  j m a r  o f K

(5 4) 11 a v’ i s  of K j ) e l u I l : 1; . t o  K’ , then it is also a

V r n t V V V I  t ’ , I s  al l  K , K ’ ’

N q u~~~,’ 2: )~ tr iar ; -t ;i h,it ion ~ f t he su l,domajns  i t i  
and G° h i m  the

one— ii l i m i t  I errol ,. i ; , , - .

— 14—

L~.. ~~~ ~~~~~~~~~~~~~ 
-
~~ 
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We will denote 3h 
u 0 < fl I N—i ) . Let k be an integer , k > 1; let

be the set of all polynomials of degree - k with respect to the variables t , x1 x

and let P
k (x) be the set of their restr ict ions to K . For each n, we choose

equal to the space of all continuous functions defined on which vanish on the lateral

boundary of G° and whose restriction to each element K coincides with a polynomial of

degree I k, i.e.

(5.5) t” h’ ~h 
< ‘V’(G°) ‘

~
‘h1I ( k~~~ 

, V K e ~

For the statement of the next theorem , we need the following definition. Let E
K

denote the set of all the edges of a (m+l)—simplex K , with m+l = p 
~ 

2 , and let

e(D,D) denote the angle of two arbitrary strai ght lines D and 0’ in

Defin i t ion 5.1

The condi t ion  ang le of a p-simplex K is the angle

(5.6) e (K) Max mm 8(D,D’) -

Dc~~
P D’€F~

Remarks: For all non-degenerate p—simnp lices K , we have 0 < 0 ~ w/2  - The condition

angIe 0(K) approaches st/2 if and only if all the edges of K are almost parallel to a

same hyperplane . In the case p = 2 , K is a triangle and 8(K) is equal to one half of

the la rgest ang le of K

Theorem 5 . 1

Let the space be chosen accor~~~jto (5.5). Let u be the solution of pr oblem

(2.1) 
~ 

be the solution of pr ob iern (3.1l Assume u c H’(4
T
) fl c°((0,T); H

t
(O(t)))

where 9. is the smallest integer such t ha t  9. > k+1 and I. > (m+1)/2 . Assume that the

discre t iza t ion  of 4
T 

sa t i s f ies  the conditions

(5.7)  h < 1 , N~~1A

( 5.8) e lK) < 8~ w/2 , for all K e

where )m and 8~ are given positive consta nts. Then,

(5.9) IIgrad(u~
_u) + lu~-u~’I ~, 

I y
G(O,t ) Il

-15- 4



f o r  1 < ii < N , w i t h

= C ~ ( (woe 0 ) 1 ( S  II + )i h-lax I D
Su ( ,  •t)~~~(~s=k+l G(O ,t ) 1~~t < t

where C is- a ; 0 ; . l t l \ 5  ~ . ‘ 5 i - . t , r 5 t  e ’ lo b  1 - r n - I ; ;  c r i ly  oTt :c , k and d . Moreover , we have

th~— f o l I o w r ’ . :  , - i ; ’ ; i t r - ~~~: t h , ’~~~ii:-’; S r ’f  U~~

(5.1 0) (u~
4d 

- u~~l
2 ) u 1’2 

~ 
C, yh

k

fl 0

where C is an ah; s~ l ; it , c si t Oi l  -

Proof: For , ‘ac h i i i ’: s - t i t N , l e t  •1 (t) iS If set 1 the points of K whose barycentric

coordi nates  w i t h  r t ’ s . ;  - . 1  I ,  I f : ’ - s- - i t  ices  of K - i i ’ -  m a l t  i p l es  of 1/k and let de-

note the i n t e m  p o l , i t  ion  - - r  i t  ( i i wh ich  c r . - -  i t t - ; :  t s i -a ch  f u n c t i o n  ~ C
0 (K )  the u ni q ue

f u n c ti o n  
~K” ~ n i i - h ,  I h o t  ‘ , a t  a l l  t l i e  Points of J (K)  ( se e  (181 , ( 5 1 )

Let ~ h 
ds’t;: t i  t he  i i t t  e t  I~ ) 1 ~l ion r - ~ - i  01Cr w ’h i- - l m  associ it o ; ;  to each f u n c t i o n  ~ c C° 

~~

the uni que h ; i ; : - t i o n  
~~h ~

‘ s u b  t d ; i t  
~ h~ 

ll
KrK~ 

in the i n t e r i o r  of K , for a l l

~ 3’ h~ 
w In - r i -  r dr - s i ’ I  i ’s I I i ’  r~ -s - i  i t ,  r of r e st r  j e t  ion to K . Note t h a t  the i n t e r p o l a t ed

f u n c t i o n  ~l h ~ is I I  q - r n s - r o l  di~~cont  t i i i n u i ,  at  the  t i me  t t ° s i n c e  the sets ~ 
1

and 3 are i nil r’j ’- ii li n t

We will use the c r 1  i r n . i t e  of Theorem -1.1 With 
h 

u (note that 0 
h° 

is defined

since the hypotheses of t hr p r i -; - ’ - n I  t h -er r - c -n  I si~t e t h m ’ r  w i t h  Sobolev ’ s i rni - . -dd m o  theorem im-

ply th- t u is continuous; on ~~ T1 - ~~~~ 3’ 
~ 

(r i ’ s p  3 ,~ n +0 1 denote the set of all

i n— s i m p l i c en  K ’ w h i c h  l i e  in  t h e  h y j c t ç l .imn ’ I t~~ and w h i c h  are a far- s of an element

n- i n - ‘ -K i: 3’ h 
( re sp. 3’h~ 

U s in g  t N -  i n e q u a l i t y

11+0 V V40 V V St— I - I + (V ~ -

we deduce from (4.1) :

( (q r ad ( u _ u h ) 114 + 
~
— l u u 1 l~~4 I

(5.11) 1 fid( ~ ( J (u — hl~ u) t 1 ~~) 1
~~

2 
+ V

Xe 3’ h

+ /~ ( ~~ (gru,-i(u — hl
htr )II K )

’2 +

3’ h
—1 6—

— 
— -  ,.1~

.__ _ 
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+ 2 N 
l~

’
~ < N  ~ u—Il 1~

,I(~~,)
1”2 

~
— —

+ 2(N— 1) Max ( ~ u — flhuI~~
,)1”2

1IVIN-l K’c 3
h,v4O

V+0with O hu = 

~
0
h~~ 

on each K ’ u 3~ v+0

(*)
Theorem 2.3 of [10] yields:

C 9,
(5.12) (( 

~~~
u_ ll

hu) I( K + I I g r a d ( u _ H 1 u ) !~~ I hk ~ I I D Su ‘ K0 s=k+l

for h 1 1 and for all K c 3’ h

(5.1 3) (u  — hI
hu I K~ I C2

hk
~~ 

~ 
D

~ U I K~
s k+ 1

for h < 1 and for all K ’ € 3’ ‘ U 3
— h,v h , v4 0

where C1 and C2 are c o n s t a n t s  w h i c h  depend o n ly  on k. ari d m - The estimate (5.9)

follows at once from ( 5 . 1 1 ) ,  ( f . 1 2 )  arid (5.13), whi- ir- N can be rep laced by an arhr itr ary

value of n . The e s t i m a t e  (5 . 1 0 )  i s  obta ined  by us ing ( 5 . 9 )  in t N -  ri ght h and side mem-

ber of (4.6). •

Remark 5.1: The condition (5.8) whi r -h s- c -ms estal;lishic d in [ i P l i s  an j n M - r r - v e ; ; i - : n t  on t i :” classical con—

ditiorm of Zlainal [2 5 ]  and C i a ri c t - k a v i a r t  [ 5 ] .  I t  i s  v a l i d  fo r  a g e n e r a l  c l ass  of interpo-

lation operators which contains the operat lr Il, considered above and for general error
LI

est imates in the Sobole’v spaces ~IJ .q, ~ irm t eqe i ~ 0, 1 1 q < . The same condition

has been established indopendently frc ’rn  the author by Bzihut~ka and ,\?ir (1) in the particular

case m 1 (the elements K are triang les) , k 1 or 2, ii = 1 and q = 2

Remark 5 . 2 :  Supposç that the triangulation 3
h 

satisfies the condition

(5.14) 3’ 3’h ,n+0 
, for 1 1 ~ I N-i

Then , (T
h
U C0(~ T~ 

and we can apply Theorem 4.2. We get the same estimate as in Theorem

C’) There is a typographical error iii the statement of thi s theorem : one should read
k—m+t ,p k+ 9.,p . k—m+ l ,p k+l ,p

W and W i n s t ead  of W and W

— 1 7—
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5.1 , 1-ut w~~~t h V ~~~ i t  t t- f i ’,-p o t f : e s i a  Nb I \ , in the expression of y, the constant A mus t

be replaced by 1 (or Nv h ) .

Remark 5.): The condition Nh < implies that the average value of the time-steps

should not I i -  - si5,tll; it sf ;ss ld  h5 : t  I - a t of the sac- s order as h . In particular ,

we can t d e  N 1 , ~bn:: y i eld s a -c- - c - c r  1--t el y r:n~~hi-:;t nr’:thod for I he whole aemain ~

The a - l v , s : t i c -  ot  ,l~~v i J i : s - i  the i n t e r v a l  [0 , T ( into sub—intervals is to split the global

system of discrete e1:moti”ns (J ~ 1) in to s-;l~:,y~~tess c i : :  of which corresponds to one sub—

domain

5 .b)  Pr 1 S5,i t ; : s ’  1 ‘ m c u ; t  S

For s LiSj lie it , ~~~ ~ i i )  U S e  t l ;~ vo- ;abul ar  y correspondi nq to - case m = 2; thus,

we will say “tr i a n g l e ” ir : s t e  au o’ ‘ rn ::sa j l e x ” , “plane ’ 1O~~t~~u i  it  “tiy}er—pl ane ” , “prism ”

ins ti-ad C l  :;~~
-
~ ,~~; ~ ri cm ” -

For each ii , 0 In < N - l , let. be a hi n it - s - s t  of clots - - K = K~ , 1 11 < I

which satisf y (5.1) , (5. 1) , (5.3) and to ,  V f r I  low i ng ~~~~ i i  t i e s :  tI:’ sr-c t scm of each ele-

men t K~ Ly t l.~- p lar u t = t° (rcnj . t = t~~~
1
) is a trian gle 1V f l+ O  

(resp. ~~~~ and

the seotso : of K~ h-5 any  p lani; t =C Crm -  t a r t .  t~ 
~n4l is i triang le whose vertices

041 n+0 - n+0
are located or t h r e e — t x  osy fit ss’qun ’ s t  1 , p whe r e p is a ver tex of T.

and is a ve rtex of ; tb ’ u - l i - t n - s i t  is a distorted pr i sm (see ~i~~~re 3)

in general , i t  i s r e t  a ~-i ’l t:i ’cl r~i l; t Ie - triangles T~~
0 

and ~~~~ are ca l led  the bases

of the eli-sr- - r I &nd the ir vertices are called the v ,-rt sces of K~ . All the vertices

of the ~ los -;eo K - 3’ must ~o t i ; f y s ot - li t i o n (5.4). The- sets and 3’ are

indepe n dent; in p a r t i o s l a r , S t e  set 3’
~~~nt0 

of al l  t r i a n g l e s  ?+O which :re a ba se of

one element K i: is  inde-per~,lu i t  -f the si’s. 3’ of all trian g les T. which are

a has ’ - of one element K ’  ~~~~ (this is a difference with the continuous f i r f t e  element

method used j i m (4); in that method we imposed 3’~ ~~~ 
) (See figure 4).

Let k’ and k” be two integers , k’ > 1 , k” > 1 . For each element K € 3’

let 
~k’ k~

(K) i - ic - t h i -  space of all functions defined in K whose restriction to each

section of K by a platte to~const ant  is a polynomial of degree k’ with respect to the

space variables and whor ;e re~~tiiCtion to each edge (~
fl4 O ~n+l 1 is a polynomial of degree

k with recp- ’-t to t . We take

—1 8-
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/

n+1
Pt

i

~~~~~~~~~

— — — Pt

— — — n-tO
—

Figure 3: A “prismatic ” element K~ (two-dimensional case)

Figure 4: Trapezoidal elements (one-dimensional case)
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(5.15) 
~~h 

‘h C ~~(G ° ) ,  r~~~i ~ k ’ k ’~~~~~’ K

where r
K 

di’;~~te s  t h u s  ret ’ tel ion to ‘K

L~~t k = m i n{k’ ,k”} . t be the s r - a l l ; t  j ::t ’- - 5 s  m u c h ~h t t  i~~~~k 4 1  arid

I > (m+ 1) ~~2 , i t  ~~
‘ be t I :r ’  s m u a l l e r , t  i ; it e q e ;  su ch that 1’ ~. ‘ + I and Z’ > m/ 2  -

For each K ~~~~~~ le t h (Kt be t l e  , i i i c - r - t r ’t  of  K , l~ t ) — (1
n41 

— t°) I ’ - t b, “ f i - s q l , i ”

of K ant i’- (K) be t he  m i n i m u m  fo; t° ; t t~~
’1 of tIre diaus’tes of l I t  l a r g e s t  c i t  c i t

contained t o  the triangular si-ct tri m :  of K h~’ the p 1 a s i c  t’ cour t s~~t - 3’ h 
mA 3’

o ~ n < N—i ) . Then , the  f o l l r r w i t t r j  result holds:

Theorem ¶~ - 2

i - c t  1 1 , - p  ic- ’ l~ e c- f j :rr ; - ri acs’ordin (5. 15) - Let u be- the 
~~~~~~~~~~~~~~~~~~~~~~

(2.1) and U
b 

be t I e -  s o l u t i o n  of j t ~~b 1em (3.1) ~s:num e U C ~~ ~~~~ 
o C° ( [0, T ] ;  ( N ( t ) ) )

Assume

(5.16) Nh < 1

(5.17) h ( K )  ~ I’m < 1

(5.18) h’ (K)/h(K)

(~~.l9) AK)~~m ( K ) ~ o~ , fi r all K C

where A , , r and fl

~~ 
~~~~j~~~~i t i v e cons’~ant - 5. Then .

( 5 .20)  f l qr a d ( u~ — u)  l~~(~~~ n ) 
+ 

h 
— u

0
~ C yh

k 
+ y ,h

k

for 1 < n < N, wit h

I
= ~ ~: l o

5
u f l  

~s k4l G(U ,t )

AC ’ ~ Max (  ~D
5
u(’ ,t) 1 h(t) 

0 1 < t~~) ,

s’- k ‘+1

where C and C’ ar~ two p o si t i v e_c on s t 5nt  m; which dep only  on m , k’ , k” , o~ , a~ ~~~

d . Mor i- r ,v’-r

(5.21) 
n 0  

}u ~~
0 

— u~ )
2
)1” I C0

(Yh
k 4

-20~
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where C is an abscilute constant,

For the proof of this theorem , we need a preliminary result concerning the inter-

polation error in each of the elements K -

For each K 
~
3’h’ 

let J(K) be the c-a- I of the points of K which are located in

O j n+1 n - , - -one of the planes t = t + ~~;(t -- t ) with j  integer , 0 1 3 1 k” , and wh ose

bary ce n t r ic coo rdi nates w i t h  rem- p.sct to the  v , - r t  i ces  of the eorre r ;p ond ing  t r i a n g u l a r

Section of K are multiples of i/k ’ - Let Il
K 

be the interpolation operator which

associates to each function ~ € C0(K) the- u n i que f u n c t ion ll~~ C Qk, k,.(K)  such that

~ at all the points of J ( K )  - Then , the following result holds.

Le mna 5.1

Suppose that K satisfies conditions (5.17) (5.18) and (5.19), Let I, be the

smallest integer  such that I > k 4 1 arid £ (mil)/2 - Then , f o r  all functions

~ € H
t (K) , we have

(5.22)  IID(~ - 
K ~~~K 

< ( I m
k 

S UD 5 S’ 1

where C
1 

is a constant wh i c h  dr -I - r I -  on m , - , k” 0
0 

and 0
1 

V

Proo f of Le rm’mua 5.1

IAt P 
~~~ 

be S ir  sla:- of l i i -  r e s t :  0 t i O n s ;  I s  K of all polynomials of degree < k

with respect to the var iabls-: t~, x1 , - - . X m 
V The s~~ ,ict’  

~ k 
(K) is invariant under the

interpolation operator - I l ’ - r t c t ’  • a p j  lyu r u; t,emrna 2 , 5  of (10] which is a variant of

Leu~ia 7 of Cia rlet- Ravi art 
‘( 5 1,  Ws get

( 5 .23)  — 

~~~ 
)II K ~ c 1

( K )  Y I I D ~~ U K fl
t (~~)

s=k+ 1

where C
1
(K) is a constant which depends on the element K and on the operator

Let us assume h (K) ~ 1; t h i -n , we have NK) > oo 
and h ’ (K) > 0 1 - The set of

all the elements K which  sa t i sf y these conditions is compact, ‘Fnking the maximum of

C
1
(K) for all K C k’ we can replace C

1
(K) in (5.23) by a constant  C 1 

which depends

Only Ofl tin , k’ , k” , a
~ 

an d o
~ 

. The est imate  ( 5 . 2 2 )  for h ‘C 1 follows by a simple

change of ~ca1e.

-21- 
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Proof of Theorem 5.2

Let be the interpolation operator which associates to each function ~ € C
0
(~

the function i V
h 

such that ll~~ = i l r ~~ in the interior

of K, for all K n . Theorem 4.1 with v
h 

= fl
h
U yields (5.11) as in the proof of

Theorem 5.1. The estimate (5.20) follows by application of Lenvna 5.1 , of the estimate

(5.13) with k’ instead of k and of condition (5.16). Then , the estimate (5.21) follows

from (4.6).

-22- 



- ~~~~~~‘ ~~~~~~~~~~ ‘ ~~~~~~~~~~~~~~~~~ - .

6. An example

In this section , we give an explicit expression of the discrete equations in a

simple case : uniform rectangular grid , approximation of degree 1. Thus we get a finite

difference scheme which is a particular case of our method . We will assume f = 0

n n n+Let K0 and K. be two neighbor rectangular elements with vertices ~ p
j— 3~ i—i i’i

~,fl ~,n’m+l ~,n n+l n n
1 1 1+~~~’ ~~+1 

where P = (x ., t ) ,  x — x , = x . — x Ax , ~~~~ — t~ = At1 1, i+l 1 1 i,— 1
0 fl 0 0+0 0+0 nLet u . = %(P.) = u

h
(x V )  and u , — U

h 
(x , )  = u r n  u

h
(x .t + e ) ;  C > 0, c -÷ 0 )

1 1 3~ 1

In each rectangle K’1, u
h 

is linear with respect to each variable x and t separa te ly

ni-U n+0 niland uniquely determined  by the fou r  values u , , u. , im . 
nil

and u by means of the formula1 i+l i+l

0+0 - - ni-U(x t) (1 x) (1 t )  u . + x(i — t )  u + (1 — 
- - ui-i - ni-ix)t u , + x t u ,(6.1) U

h 
= — — 

1 iii 3, 1+1

0where ~ = (x — x ) /  Ax and t = ( t — t ) /At
3-

nAt each time step, the values u are known for all i and we must determine the
-z

n+0 n+l - ‘ Vvalues  u , and u , The corre pending equations are obtained by i~r1t1ng the integral1

relation (3.1) for linearly independent test—functions 
~h

’ For example , we can take ,, for each

(1,1) (i,2)i, the- two test functions ~ and ~
‘ such that

h h

1 if P = P .1

~~~ l)~~~ 

~~ n

= -1 •f
i

0 at all other grid-points ,

( 0+11 if P = P ,
(i,2)

O at all grid—points P ~ P~
i-1

Thus , we get the followi ng equat ions.

1 n+0 
- 

n 2 n+0 n 1 n+0 “m 
~~~~~~ +(6.2) (—(u u6 i+ 1 iii + --(u , — u.) + —(u , - u ))3 x i 6 i~~1 i — I

1 ni-i nil nil ni-U n+0 n+0 
/(tlx)

2 
0— C u  — 2 u  i - u  ))+ — ( C u .  — 2 u + u ) 

i+1 i—i6 1+1 1 i 1

1 nil n+0 2 ni-i ni-U 1 nil ni-U(6.3) (~~(u. ÷1 
— u.÷1) + —Cu . — u, ) + — ( u ,  — u , 1)/At —3 i 1 6 i — i  i—i

— (-} unhl ° — 2 n+0 + ufhlO
) + 

2 (~n+1 — 2u~” 4 U’1~~~))/(/tx)
2 

=u+l u~ i— l ~ i+1 ~ 3, 1

—23—
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7. General parabolic problems

In this section , we extend the numerical method described in Section 3 to more general

parabolic problems . Some new notations are introduced; the others are the same as in the

preceding sections -

7. a) The cent in u ~~~~ ,prob1enn

We consider problems of the form

a) ‘~- - A u = f  in 
T

(7.1) b) Bu = 0 on

0c) u u in ~l(0)

where A is a differential operator of order 2p with respect to the space variables ,

ii pos i t ive  in t e j er , and B is a boundary operator.

We will give a variational formulation of problem (7.1) which is a generalization of

the integral relation (2.3). For each t E [0 ,TJ , let 11(t) be a subspace of the Sobolev

space H
tI
(8(t)) which is dense in L2 (ci(t) ) and let ‘(r ’(t) be the dual space of lí (t )

For any domain G = G (r
0
,r
1
) = ((x, t); x C U (t) , ‘r

0 
< t < t~ , 

1, let

e (C) = L
2

( r
0
, t

1
; ~‘ (t))

• (C) = L
2
(’r
0
,T
1
; 11’ ( t ) )  = dual space of e (C)

8(G) = {‘P; ~ € e (G) , ft c e ’ ( G ) }

Let H II 
~ 

(G) denote the norm in e (G) defined by

1k 11 e (C) ~
i dI 2)1/2 with j  = 

~~~~~~ ‘
~ m

1
I) L~

for all ~ E e ( G )

Let 
~~~‘~

11 G denote the duality between e (G) and e’(C) obtained by extension

of the inner product in L2(C) -

We have ec G )  C L2
(G) ce’ (G) and , by a lenrusa of Lions (14] , $ (C) c C0((i

0
,t
11 ;

L
2 ( f J ( t ) ) )

-~~~~~ -
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Let us assume A C £ ( C (G ) , C ‘ (G)), i.e. A is a linear continuous

operator from e ( G ) into C ’ (C) and let us define

( 7 . 2 ) A G
( ( l P )  = ( ( A

~
i ,
~~

) )
~~ 

, for  a l l  ~i ~,nd ~ in e (G )

a
G
(, )  is a b i l i n e a r  form defined and continuous on e (G) x e (G)

Assume tha t  i t  satisfies the two following properties.

U n i f o rm  c o n t i nu i t y:

(7 .3 )  Ia~
(
~
,c) I < N~ ~ ~ 

(G) e (C)

for all  ~ and ~ in e (G) and for all G , Where M is a c o n sta n t  indepen-

dent of G

U n i f o r m  ca~~~cIv1ty : -

(7.4) aG
(
~~

?
~~
) + ~II~ ~~~ -~~ n j ~~~ 1 e(G)

for  a l l  ~p C C (C) and for all C , where ~ and c-i are two constants in-

dependent of G . In fact , we will consider only the i-educed case 6 0

obt ained by a s t anda rd  change  of  va r i a b l e  u -, u eBt , ~ > 0, in (7.1)

Let

= 
~~~~

‘Dt~~~G 
-f 
~~~~~ 

(
~~~~

)
~~(~~~ 

+

is a bilinear form defined and continuous on g(G) g (G)

V a r i a t i o n a l  problem: Find u c $ ~~ T~ 
such that u (~ ,O) = u0 and

(7.6) $
G

(h1
~

4
~
) 

~~~~~~~~~ 
, for  a l l  ~ C 8 ( G)

and for a l l  G = G ( c
0
,-r
1
) c -

This formulation is equivalent to the formula ’ ion of Lions [14). For

the existence and uniqu eness of the solution , see [14)

A standard integration by part s shows that (7.6) is a weak form of the

differential equation (7.la). As for the boundary conditions , they depend

on the subspace 11 (t) - We give two examples
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Examp le 7. 1

Let 11(t) = H~ Ul(t)) Then, the solution u of problem (7.6) satisfies the

Dirichiet boundary conditions

- y ,u 0 on , for j 0,1,...

where y.u (~ ,t) u ( , t)/~V 3 denotes the trace of order j of the function u(- ,t) on

f(t)

Examp le 7 .2  
V

- (1)Suppose p 1 and A = A = Laplacian operator. For each t, let r ( t )  be a

subset of r ( t )  and 11 (t) = C H
1
(c1(t)), ~ = 0 on r (U (t ) } - Let

(u  r~~~ t~ ; 0 < t < T) and = — . Then, the solution u of problem (7 .6)

sa t i s f ies  ( in  a weak sense) the boundary conditions

fu = o on

3u (2)
Is u + — = 0  on3v ‘F

where denotes the outward normal speed of propagation of the boundary r(t) and

denotes the outward normal derivative of u -

7b) Discontinuo~~~~~~proximations

Our method of approximation is based on the fact  tha t  r e l a t i o n  (7.6) makes sense

even if  we do not assume -
~ ‘~~

- 
~ ~- (G) siaee ~~~~ does not appear in (7 .6) . Therefore ,

this  r e l a t i o n  can be used to d e f i n e  a p p r o x i m a t i on s  which  are not i n  
~~~

4’
T~ 

-

~~~ C
n be defined as in Sect ion  3 and let 4’~ be, for each n, a finite

dimensional suhnpace of $ (C’1) - Let V
h 

be the corresponding space defined as in

Section 3; V
h 

is ~ finite dimensional subspace of C 
~~~~ 

but V
h ~ $ ( .b~

) .  if

V
h 

V
h. 

the function t ~~~~ L
2
(cl(t)) is in general discontinuous at the times

t t~ , 0 < n < N . As in Section 3, we denote v~ = ~~~~~~~ for n = 0,1,...

and v~~
0 

lim (v
h
(,t + c); c ‘ 0, e -+ 0 1 for n = O,1,...,N—1 - The discrete

problem is formulated exactly as in Section 3.

Discrete problem: Find u.s, e V
h 

such that u~ = U°

—26-
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(7.7) 8 (u ,~~ ) = ((f~p ))
G~ 

h h h G’1

for all e snd all n , 0 < n < N— i

Now, we state two theorems which are generalizations of Theorems 3.1 and 4.1.

Theorem 7.1 (existence , uniqueness , stability)

The discrete problem (7.7) admits a unique solution U
h 

which satisfies the estimate

1 n1 2(7.8) nIl U
h ll~~ (C(0 ,t ’1) )  

+ 
2 I Uh i

U
n ~

1 0
1 ~~Il f Il 2

< ( — lu— 
U~ v1

~ G(0,t’1)

for all n, 0 < n < N

Theorem 7.2 (error estimate)

Let u be the solution of problem (7.6) and u.~ be the solution of the discrete

problem (7.7). Then

1 n nII u-u + — lu -u
h C (G(0 ,t’~ ,,

,~~ h U
n

n—i
(7.9) < (2/ r i ) 1/ 2  

-
~~ 

(u_v
h
) 2 1/2 

+

- 
v 0

V V
+ 2  Max t u -v i ++ (2/g) 1”2 N l u  vh lI 

~ 
(C(0,t’1)) l<v< n U”

n-i
V+0 V

+ 2  
~ 

jV h - v I
v=l 

h~~~v

for all functions v E V and all n, 1 < n < N -
h h — —

Proof of Theorem 7.1

Same argument as for Theorem 3.1. We use the following inequality which is a gener-

alization of (3.4) in Lemma 3.1.

ni-i 2 1 n 1 2 1 n+0 n 2> U IIV h 11
e (G n ) 

+ 
2 I V

h çn+i 
- -

~~ 
lV h n + _ - I V

h 
—

“
It
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with 
t
(v
h
,v
h
) = 

Cn t h  ~~~~~~ -

We also use the obvious inequality I!vh II C -~ - II v~,11 C(G)
Proof of Theorem 7.2

Same argument as for Theorem 3.2.

~pplications to finite elements

As in Section 5 , the finite dimensional 5~~a~~, -~; can be d e f i n e d  l y  means of

space-time finite elements. Then , the function V
h in the r ig ht hand s ide member of ( 7 . 9 )

can be replaced by an interpolate of the so lu t ion  u and the interpolation error can be

estimated by using standard results of approximation theory .
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